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INTRODUCTION

It is highly desirable that the motions of the Navy's modern

submarines be predicted in advance of full-scale trials and operations

to establish their safe operating envelope and tl'eir ability to perform

specific maneuvers effectively. To predict these motions and to

establish valid control strategies it is necessary both to develop an

accurate mathematical model of the submarine and to determitr* accurate

t t values of the hydrodynamic forces and moments acting on the submarine

hull and appendages which are required in the mathematical model.

The David W. Taylor Naval Ship R&D Center (DTNSRDC) provided a

standard sit of equations of motion for use in submarine computer simula-

tion in Reference 1. These equations have been used to simulate the

trajectories and responses of submarines in six degrees of freedom

resulting from various types of normal maneuvers as well as for extreme

uuneuvers such as those associated with emergency recoveries from a

sternplane jam.

Reference 2 gives a general description of the effort at the Center

to predict, evaluate, and improve the stability, control, and maneuver-

ing characteristics of the Navy's submarines, including modifications

and improvements made to the equations of motions given in Reference 1.

The improvements to the equations of motion outlined in Reference 2 have

resulted in better correlation with full-scale trial data.

This report has been prepared to provide those working in the field

of submarine stability, control, and maneuvering with documentation of

the current interim mathematical model. This report defines the

notation, ax#_s systems, and sign conventions used for the equations

and presents the DTNSRDC Revised Standard Submarine Equations of Motion

for performing computer simul~tion.
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NOTATION

air, b , ci Sets of constants used in the repre-
sentAtion of combined thrust and
dr*g in the axial. equation

A
A A ' - _ Projected area of hull plus deck

L in xs-plane

S~A
"i,, A A'. • Projected area of hull in xy-plane

z z -2

b(x) b(x)'- b(x) Local bean of hull in xy-plane

J b(z)dx a A

T B 2' 2 Buoyancy force of envelope displace-

P2U2 ment, positive upward

Variable coefficient used in scaling
model thrust and drag data to full-
Feele. Function of AX

C6 0 C 7' 8  Constants used in computing C

C3 Center of buoyancy of submarine

Cd Cd 1 CFD2 Coefficient used in integrating
2 pA zU forces and moments along hull2 Zdue to local cross-flow

CFD Cross-flow drag

CG Center of mass of submarine

C Modified nondimensional sectional
lift-curve slope used in computing
the effects of the holl-bound
vortex due to lift on the bridge
fairwater

h(x) h(x)' - h(x) Local height of hull plus deck int1
xz-plane h(x)dx A A

WS RAyA



II
II R x-- Noment of inertia of submrinepl. about x ai l

K K IMoment of inertia of submarine

iy ty - 5  about °axis o

iI Is a M_. oment of inertti of submrine2

I I' Moment of Inertia of mubmarine
PL about a axis

K I I ,_ Product of inertia with respect
Py L to the x and y axes

I y ' Product of inertia with respect
SX 1A to the y and z axes

Ix

tIxi: Product of inertia with respectIzx 'Ix pill, to the z and x axes

KI I K 32Hydrodynamic moment component about
S3Ur x axis (rollptire noent)

K*

K, K1 ' - Coefficient used in representing
2O K as a famction of u

Ki

0P3 K due to interference effects of
2 vortices from the bridge fairwater

on the stern control surfaces

K K- Coefficient used in representing
p p 2 K as a function of up. Does not

2 include effects of vortices fromi
the bridge fairvater on the stern
control surfaces

K.
Kt K P 5pt Coefficient used in representing

2 t K as a function of

K Kpi K l2Jl Coefficient used in representing
21 K as a function of p ip

6



K
K K ' * Coefficient used in representing
qr rp K as a function of qr

i r
KK Kr Coefficient used in representing

ST K as A function of ur. Does not

include effccts of vortices from
bridge fairvater on stern control
surfaces

* Coefficient used In representing
•t5 KX sa a function of f

KvR
K K ' -- Coefficient used In representing

Kt 3  K ai a function of uv. Does not
Include effects of vortices from
bridge fairwater on stern control
surfaces

K.
K. K,' v Coefficient used in representingv V 1 r, K as a function of

K K ' Coefficient used in representing
P p4• K as a function of wp

x6r K6r - Coefficient used in representing

S 3K as a function of u2L
r

K K ' 6ryi Coefficient used in representing~rn 6r• ] pt3 K as a function of u 6 -

X K - K4S Coefficient used in representing
4I p3Us2 9 d~ie to 4, at the stern control

surfaces

K8

KSS 8-tUs- Coefficient used in representing
8 S3 due to e Pt the stern control

surfaces

L - I Overall length of submarine

. 7



3 Mass of submarine, including water
1pt in free-flooding spaces

N K Hydrodynamic moment component
I pt 3 about. y axis (pttchtn% moment)

M* I - Coefficient used in representing H•p/3 2

as a function of u

SHM M ' * Coefficient used in representing
q q e K as a function of uq

M 4 M4 Coefficient used in representing
pE M as a function of

M

K K , . r_ Coefficient used in representingrrp 1 5 M as a function of rp

K M w I w Coefficient used in representing
V~~ w as afunction of uw

Mw Mw 1 4 -Cefcetue nrpeetn
Sp• ~M as a function of uM.

M. M Coefficient used in representing
2 i M as a function of

, w_ wjR Coefficient used in representing

MwIV R Mw w " 1 p A3 1 n o 1/2,

2 M as a function of wI(v 2 + w2)

:4
K K ' * Coefficient used in representingPt 22 2• 1/2,M as a function of Iw(v2 + w2

M)

,6b M 6b -b Coefficient used in representing
2 K as a function of u26b

K KM8  Coefficient used in representing
6 6s= 1 3 23

2 M as a function of u 68

8
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_____- I4Hydrodynamic moment component abouti Pt [U2 a axis (yawing moment)

r N*14 N Coefficient used in representing

N as a function of u

N
N ' A P Coefficient issed in representing

p Ot N as a function of up

N
N.' - Coeffic ient used in representing
p 1t N aq a function of

N
N 1 -q 5 Coefficient used in representing

Npq p P N as a function of pq

N 4 r - Coefficient used in representing
Ot N As a function of ur

Nf
NN' , Coefficient used in representing

r IO.5N as a function of i

N
N N' Coefficient used in representingv v I pi3 N as a function of uv

N.
N N Coefficient used in representingv N N a function of

N 1  N N vIvIR Coefficient used in representing
vvIjRR NIR 2 2 112

2N as a function of vI(v+ W)

N ~r N6  S %r Coefficient used in representing
66r 1 '3 2

2 -N as a function of U 6
r

Nr N rr Coefficient used Jn representing

N663N as a function of u2 6r (n - C

p p' Angular velocity component about
U x-axis relative to fluid (roll)

I



" 2Angu~ar acceleration component
U6. about x-axis relative to fluid

q q' * Angular velocity component about
y-axis relative tu fluid (pitch)

j ' . Angular acceleration componeav

U about y-axis relative to fluLl.

Contribution of propeller torquI
to K and machiner) equation

rr' r Angular velocity component aboutU *-axis relative to fluid (yaw)

.' U2 Angular acceleration component

U about *-axis relative to fluid

S1 . S2  Constants used in computing x2

t t t TimeI

U U Velocity of origin of body axes

relative to fluid

(u2,+V 2 +w 2)1/2

U U a a Velocity of 8ternplane x-coordinate
relative to the fluid

uu' - Component of U in direction of the
x-axis

Ca' - • Time rate of change of u in
U2  direction of the x-axis

U

u -C -- Command speed: steady value ofahead speed component u for a

given propeller rpm when body
angles (aO) and control surface
angles are zero. Sign hanges
with propeller reversal

10



v v' Component of U in direction ofUU the y-axis

*' _ Vt Time rate of change of v in
U 2 direction of the y-axis

v
Sv -A =sVelocity component in the y-axis

s U- direction at the quarter chord

of the sternplanes. v - v + x rs s

_ -- vFWvFW v FW - Velocity component in the y-axis
direction at the starting position

of the hull-bound vortex due to
lift on the bridge fairwater.
vw v + X r - z wP

1vFW-v xr

v v FW' FW Velocity component in the y-axis
VU direction at the bridge fairwater.

vEN v + x r - zwP

v-Fw(t - TJx]) Value of vN at time - t - T(x)

v w(t - TT) Value of v F at time - t - TT

v(x) v(x)' =v__) Velocity component in the y-axis

U direction of any x coordinate

v(x) - v + xr

w w S Component of U in the directionU of the z-axis

- Time rate of change of w in
U2  the direction of the z-axis

w s Velocity component in the z-axis
s s U- direction at the quarter chord

of the sternplanes ws - w - x q

w(x) w(x)' =w(x) Velocity component in the z-axisdirection of any x coordinate

w(x) = w - xq

ii__ - ., ~~
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! W .WaiSht of submarine# including

S1 92U-2 water In free flooding spaces

t 
LongItudinai body axi"; a41o

x X the coordinate of a point relative

to the origin of the body axis

x The x coordinate of the atarting

ij. t I -position of the hull-bound vortex

due to lift on bridge fairwater

x The x coordinate of the aft-most

22  
2 position of the hull-bound vortex

due to lift on bridge fairwater

x x The x coordinate of the CS
xB xB' , .

KG 
The x coordinate of the CC

xG xG' e•

XX TN coordinate of the displacement

of the origit of the body axis

relative to the origin of a set

of fixed axes

X R The x coordinate of the quarter

R s -chord of the rudders

XS The x coordinate of the quarter

S S' chord of the aternplanes

x XT The x coordinate of the average

T T k location of the stornplanea and

rudders. KT x I (x + X)

XAP The x coordinate of the after

AAp 
perpendicular

x FW The x coordinate of the quarter

W 
1FW chord of the bridge fairwater

12
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* I

X X' B Hydrodynamic force component.
pt2U2 along X-axis (longitudinal, or

axiel, force)

AX Variable coefficient used in
scaling model. thrust and draS
data to full scale

AX1 , AX2 A Constants used in computing AX

x X 4 - Coefficient. used in representing

X as a function of q

xx X( , , .!rP- Coefficient used :In representing _.

I X as a function of rp

x x rr Coefficient used in representing
rr rr I Pt 4 2

S~X ae a function of r

""X.

x
X X ' 1 3 Coefficient used in representing

yt X as a function of yr

x

. ~Xr

X ' 0-VV CoefficienL used in representing
vvvI 1 pZ2  2

X as a function of v

x
x X ' - Coefficient used in representing
wq wq t 3 X as a function of vq

2
S~X

"X X ' - Coefficient used in representing
ww ww 2

t p£3 X as a function of w2

x 6bb X 6b 1 2w Coefficient used in representing
t 2b2 2

2 X as a function of u 6 b

13b
I~~ ~~'=1Cefcetue nrpeetn



•• r • •,••-= ..... . , '

X15
X - Xrr Coefficient used in representing
6rir 6r6r 1 i22

X as a function of u26
r

X6s
SX ' -Coefficient used in i.epresentingI.s •ss 2 X as a function of u2t 2

y'y- Lateral body axis; also the

coordinate of a point relative
to the origin of body axes

SyB- , The y courdinate of CB

Y9 YG- The y coordinate of CG

Y Y -Y A coordinate of the displacement
of the origin of the body axis
relative to the origin of a set
of fixed axes

1 1 2 2 Hydrodynamic force component along
SPQ, U2 y axis (lateral force)

2a ¥* , I Y 2 Coefficient used in representing
2J Y as afunction of u2

Y
y -Y Coefficient used in representing

2PPt 3  Y as a function of up

Y
Y - Coefficient used in representing

1 pI4  Y as a function of

p' P Coefficient used in representing
2 pX Y as a function of pIP|2

Y
Y Y p -- B- Coefficient used in representing
pq pq 1 P4 Y as a function of pq

t4



Y

y y r Coefficient used ill representing
r r 1 Y as a function of ur

YY Coefficient used in tepreventing
I E £4 Y as a function of i

Y y , - Coefficient used in representing
v v 1 t O 2  Y ais a function of uv

2

Y.
Y. y.1 v v Coefficient used in representing

V v P 93 1 as a function of 0
2

Y ¥ , .Yva'- R Coeffic.ý.nt used in representing

2l voY as a function of vj(v2 + w2)11/21

Y

y y , wp3 Coefficient used In representing
wp wp ½. p9 Y as a function of wp

Y 6
Y 6r 6r Coefficier•t. used in representing

6r Y~r 2Y as a function of u 26r

S6rn . 2 Coefficient used in representingY6rn Y~n O2 1 \

2 Y as a function of U26r (n - )C

Xz' Normal body axis; also the

coordinate of a point relative
to the origin of the body axis

z1=-- The z coordinate of the hull

1 1 centerline

z B
ZB B The z coordinate of the CBz B z B

zG
z -G The z coordinate of the CG

15
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iio

A coordinate of the displacement
of the origin of the body axis
relatt,,e to the origin of a set
of fixed axes

aN - The z coordinate of the 42-percent
span of the bridge fairwater

z 1 22 Hydrodynamic force component1 along z-axis (normal force)

Z

Z* Z* 2 Coefficient used in representing
Pt2 Z as a function ofu 2

z
Z q Coefficient used in representingIq Iq 1 as a function of uq

Z• 4• z 1 1 Coefficient used in representing
P&'½ g Z as & function of4

Z
ZV z .pM vp 3Coefficient used in representing

Zvpvp Pt• Z as a function of vp

ZW ZW M Coefficient used in representing
Zt2 Z as a function of uw

Z.Z4 Z 1 0£M Coefficient used in representing
1 Z as a function ofi

Coefficient used in representing
Z~wI' Pt.2 Z as a function of urvp

z
ZZ M Coefficient used in representing
SP2 Z as a function of uw(v2 + w2)1/21

Z'b Z6b 3 Coefficient used in representing2 PL Z as a function of u26b
2' *Cefiintue i ereetn

2J J v ,1, .. . •',- . . -• , L, r, . • J , •:..... . . . . , .. ,2 • fi



!z
z 63

6Z " 2 Coefficient used in reprebenting
SZ as a function of u2 a

z
- z a
'6asn 1 2  Coefficient used in representing

SZ as a function of u2 6 (Y, - C

i •Angle of attack

B Angle of drift

B Geometric In-flow angle at the

sternplanes
2 2)1/2!i -tan -

Ss u
OST Value of 0 a.t which hull-bound

vortex separates from the hull, given in radians

6 b Deflection of bowplane or sailplane

r6 Deflection of rudder

6s Deflection of sternplane

U

The ratiou
U

e0 Angle of pitch

Angle of yaw

4@ Angle of roll

Hydrodynamic roll angle at the
sternplanes - tan --

a V

T Time interval required for vortex
to travel from xF to xT. It ia

implicitly defined as:

t

J u(t) dt- xF xT
S~t-TT

t 17



r (x) Time interval required for vortex

to travel from x to any x

coordinate aft of xi. it is

implicitly defined as:
t

j u(t)dt a xl x

t-T(x)

P Mass density of water

18
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AXUIA FORCE SIQUATIOII

[ [+W_ x+ .•w(q 2 + 2 ) r + VG(pq. + (p + .

+jt d• qq, q2  r 2  r,)+ 4 rx q + X ru + Xrp u]

-(W-B) sin e + Fxp

F

{T-D2 [(a,+ AX) u + b iCuu +c C2U c]
2•

where AX AX + Ao&2 2
1(AX 3 + log 1 U)

C - C6 + (C(7 + C8 AX)1/2

Note: F is represented by T - DRAG when propulsion characteristicsxp p

are available. Otherwise the second expression for FXP is used.

22
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tATXRAL FORCE CQUATiON

*p * v+ ur -y G(r 2 + p 2 + G(qr + )x (qp +)

PI1

+ t u 2 ,Y ' up + Y l. + w~ 2 )1] 7

.~ 2 1 Yv * + ~vIVIR' Vjv 21

p- t 2 [y,, u2s u26, (n_1)
~2 66 r + 6rni r\ /

-ý ~c f b(x) v(.x) 1Iw(x)I2 + Iv(K)I2I 1/2 dx
2dt

2 c bv(x) -vW~ i~xi) dx

+ (W -B) comOsint) i



NORXA-l FORCM QUAIIOOI

a uq + VP-a Q(p+ q)4 X(rp 4 ) *yQ(, q + 1)

1' + p 4 z'

+ t 3 [Z*, ~+ Zq, uq + Zvp vp]

I+ 1 2 [Z.', u 2 + z,' mU]

+ 1 t2 [Zlwl ulvl + zw,' vVN 2 + W2)/2

11 Z6, u6.+ Z6 f u2 6b + z6ont u26, (ni-~ c]

x 121 /

+ eta f v(X) ;(- T(X) dx

+ (W 3) c080 Cos#

24



ROLLING M4(ENM EQUATION

Ix + (itI - I)qr - E+ pq) I a + (r2 - q 2 ) + (pr 4)I 'NY

+ P 15 [Ko' up + Kl uf + K.' *r + K'll vIP]

P- E [iy up + KYR uv + K.' +v~ K TT)]

+~3 [K*, u2 6 K 6  ,-~c

2 R T

+ (yW- yL ) [K m 'o* u2 + K 5 oOu

22
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PITCHING MOMENT EQUATION

2 2
1 + (Ix -I )rp- (+qr) I + (p r )I +x (qp tIy

+ u [S v r + rc) -xG(* - uq + vp))

[M41t 4 + MwP; rp]

+ i + M~' q

+ 2 z 3 [,u2+ %,w 
+ wII 2I 1/2I

2~3itsu6 uw +u +M6 5.J wl26(ri

(2 2~1/2

+2  IMxbx ~)d

2 d 1 wx]+VXJ

£~Ix V(X) (t - T[x]) dx
2 L j N

x 2

- (X W B) case cos* z - B) sine

26



YAWING MOM4ENT EQUATION

13 + I )pq -(4+ rp)l +z (q 2. p 2) + (rq a-

+ma [x~ 0 v + ur) -YGU r +wq)]

+t [Nt' t +No' ~+Npq pq]

+ 4 [Np4 up + Nr' ur +N'

( 2 1/2

2 I x h(x) v(x) (l~)2+[v(x)]2  dx

2 d lw(x)]v( lx)d

FW
x

+(x GW x B ) cose sinO (yGW Y B B) sinO

27



AUXILIARY EQUATIONS

* p + muine

o q coS - r sn•

= (t cos + q din•/)cosO

0 uo u coa o *,ouJ + v (OWin sine coo* - cowO *in*I)

+ w (ain* sinO i + cos* mine coo*i)

*0 u cone *In* + v (con* coo*~ + sinf sine sin*~)

+ v (C•o uineO sin* - sin# coeo*)

o0 u sine + v come sin# + v come cos

U (u + v + w21/2

fXA f or 181 *O ST
X2 - I * - z - XAP) (S1 + s2181) SoT 181 > 8sT

28
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A

DTNSRDC ISSUES THREE TYPES OF REPORTS

1. DTNSRDC REPORTS, A FORMAL SERIES, CqNTAIN INFORMATION OF PERMANENT TECH

NICAL VALUE. THEY CARRY A CONSECUTIVE N;UMERICAL IDENTIFICATION REGARDLESS OF

THEIR CLASSIFICATION OR THE ORIGINATING DEPARTMENT.

2. DEPARTMENTAL RFPORTS, A SEMIFORMAL SERIES, CONTAIN INFORMATION OF A PRELIM-
INARY, TEMPORARY, OR P[:OPRIETARY NATURE OR OF LIMITED INTEREST OR SIGNIFICANCE

THEY CARRY A DEPARTMENTAL ALPHANUMERICAL IDENTIFICATION.

3. TECHNICAL MEMORANDA, AN INFORMAL SERIES, CONTAIN TECHNICAL DOCUMENTATION

OF LIMITED USE AND INTEHEST. THEY ARE PRIMARILY WORKING PAPERS INTENDED FOR IN
TERNAL USE. THEY CARRY AN IDENTIFYING NUMBER WHICH INDICATES THEIR TYPE AND THE

NUMERI'Ai CODE or THE ORIGINATING DEPARTMENT. ANY DISTRIBUTION OUTSIDE DTNSRDC
MUST rE APPROVED BY THE HEAD OF THE ORIGINATING DEPARTMENT ON A CASE-BY*CASE
BASIS.


